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Scoring matrices: PAM and Blosum

Represents likelihood of finding a particular AA or nt in

sequence or sequence alignment

Example

Table 1 - The log odds matrix for 250 PaMs (multiplied by 10)
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— Pair-wise alignments
— Multiple alignments

— Blast searches
— Phylogenetics
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You will learn to understand BLAST output

output>gi|6006425]|emb | CAB56829.1] hemoglobin alpha chain
Length = 142

Score =1(33.9 bits (76), Expect =|0.66

Identities = 15/15 (100%), Positives = 15/15 (100%)

Query: 1 MVLSAADKGNVKAAW 15
MVLSAADKGNVKAAW
Sbjct: 1 MVLSAADKGNVKAAW 15

Database: All non-redundant GenBank CDS
Number of letters in database: 436,700,696
Number of sequences in database: 1,364,053
Gapped

Lambda K H
0.2670.0410( [0.140




Sequence analysis

« Seguence alignment of two or more sequences
— gives information about: function, evolutionary history

* Finding patterns in sequences
— e.g., transmembrane regions, potential glycosylation sites

Alignment or Assign :>
sequence SCore




Example: pattern finding

Consider protein sequence:

MXOOXXXXXXXX DOOOXXXXXXXXXXXXX Score=100

1:9,9.90,9,9.9,0,.9.9,0.9,9,:0.9,9,.0.9,0.9,9,0.9,0.0,9,0.9,9,0.9,0

T=transmembrance region

XXX Score=90

C=chance segment|(e.g. random distribution of amino acids)

1) How can we define a scoring scheme that distinguishes between T

and C regions ?

2) How can we establish whether a score (100 and 90) is statistical

significant?



Example: sequence alignment

.HBA_HUMAN GSAQVKGHGKKVADALTNAVAHVDL
G+ +VK+HGKKV  A+++++AH+DA
HBB_HUMAN GNPKVKAHGKKVLGAFSDGLAHLDM
.HBA_HUMAN GSAQVKGHGKKVADALTNAVAHV --
++ ++++H+ KV + +A ++
LGB2_LUPLU NNPELQAHAGKVFKLVYEAAIQLQV icv v e oo

(leghaemoglobin from yellow lupin: same 3D-structure; b

HBA HUMAN GSAQVKGHGKKVADALTNAVAHVDDMPN .
GS+ + G + +D L ++ H+ D+
F11G11.2 G

(nematode g



Example: sequence alignment

HBA HUMAN GSAQVKGHGKKVADALTNAVAHVDDMPNALSALSDLHAHKL
G+ +VK+HGKKV A+++++AH+D++ +++++LS+LH KL
HBB_HUMAN GNPKVKAHGKKVLGAFSDGLAHLDNLKGTFATLSELHCDKL
.HBA_HUMAN GSAQVKGHGKKVADALTNAVAHV---D--DMPNALSALSDLHAHKL
++ ++++H+ KV + +A ++ +L+ L+++H+ K
LGB2 LUPLU NNPELQAHAGKVFKLVYEAAIQLQVTGVVVTDATLKNLGSVHVSKG
(leghaemoglobin from yellow lupin: same 3D-structure; both oxygen binding)
.HBA_HUI\/IAN GSAQVKGHGKKVADALTNAVAHVDDMPNALSALSD----LHAHKL
GS+ + G + +D L ++ H+ D+ A +AL D ++AH+
F11G11.2 GSGYLVGDSLTFVDLL--VAQHTADLLAANAALLDEFPQFKAHQE

(nematode glutathione S-transferase homologue )

Alignment (b) and (c) have similar amount of ‘positives’. However, alignment (b)
represents true biological relationship while (c) is spurious high-scoring
alignment.



ignment

assign score to al
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Example
HBA HUMAN
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HBB HUMAN

Score

Score based on PAM250 matrix

Table 1 — The log codds matrix for 250 PaMs (multiplied by 10)
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Total score S

- How i1s the scoring scheme derived?

- Is this score significant?




Scoring matrices
PAM and BLOSUM



Scoring matrices 1

« Comparing sequences: simple scoring schemes such as

match=+1, mismatch=0, space=-1

are not sufficient.




Scoring matrices 2

« Amino acids that make up the protein sequence have biochemical properties
that influence their relative replacebility in an evolutionary scenario.

Tiny

Alphatic

Hydrophobic

Positive Negative Charged



Transmembrane protein

5-HT receptor

synaptic cleft

Hydrofilic | | amino (N)
y terminal
amino acids

Hydrofobic A | . ; \Hx“\‘ I

' ' Y . ' R A\ () ()
amino acids | ) O\ () G () () |
...“.....“ R

post-synaptic
membrane

carboxyl (C) terminal

© CNSforum.com



PAM matrices

» The factors that influence the probability of mutual
substitution are numerous and various

* Therefore, direct observation of actual substitution rates is
often the best way of deriving similarity scores for pairs of
residues.

» A procedure towards this goal 1s based on the family of
PAM (Point Accepted Mutations) scoring matrices.



PAM matrices

accepted point

mutations \ mutation
. PAM
probability

. tri
g e [T

Accepted mutation
mutation that occurred and positively selected by the
environment (did not cause the demise of the organism)

A 4

Relative mutability
measure of how often the amino acid changes

Mutation probability matrix (M):
probability that amino acid A 1s replace with B
after a given evolutionary interval.



Amino Acid frequencies in the sequence data

Leu
Ala
Gly
Ser
Val
Glu
Thr
Lys
Ile
Asp
Arg
Pro
Asn
GIn
Phe
Tyr
Met
His
Cys
Trp

1978 1991

0.085 0.091
0.087 0.077
0.089 0.074
0.070 0.069
0.065 0.066
0.050 0.062
0.058 0.059
0.081 0.059
0.037 0.053
0.047 0.052
0.041 0.051
0.051 0.051
0.040 0.043
0.038 0.041
0.040 0.040
0.030 0.032
0.015 0.024
0.034 0.023
0.033 0.020
0.010 0.014

observation of amino acid 'a’

“  observation of any amino acid

> P,



Accepted mutation
mutation that occurred and positively selected by the
environment (did not cause the demise of the organism)

accepted point
mutations

mutation
probability PAM

. matrix
relative / matrix (M)

mutability

A 4




Accepted Point Mutations

 To identify accepted point mutations:
— determine phylogenetic tree

— compare mutations including the ancestral sequences (do not
compare the sequences of end nodes directly)

— To be able to do this, this tree was based on sequences with
more than 85% identity (highly homologous sequences)

ACGCTAFET

i TAFETL ACGCTAPEL

/\ /\

SCGCTGRFEL COCTLFET ASGCTAFEL ACACTAFEL



Accepted Point Mutations

* Accepted point mutation f(ab) is accepted
replacement of amino acid a with b

« Dayhoff et al used 71 groups of closely related
proteins in 71 evolutionary trees in which they
observed 1572 changes

Dayhotf, M.O., Eck, R.\V_, and Park, C.M., in Atlas of Protein
Sequence and Structure 1972, Vol.5, ed. Davhoff, M.O.,
pp.89-99, Nat. Biomed, Res. Found., Washington, D.C,, 1972

* For each of the observed and inferred sequences in
the tree, amino acid pair exchanges were tabulated in
20x20 matrix.

e Itis assumed that probability of replacing a with b is
equal to replacing b with a (symmetrical matrix)
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relative
mutability

Relative mutability
measure of how often the amino acid changes



Relative mutability of amino acids

« Relative mutability m(a) of amino acid a is likelihood
that 'a' is involved in mutation

Fraction of mutations in which amino acid ‘a’ 1s
/. involved.
f -f(a) 1s number of mutations in amino acid 'a’
-f 1s total number of mutations

100p, Number of a’s in sequence of 100 residues

Ja
f : ¢, b 9 — xf;l
m = Fraction of ‘a’ mutations per 100p, a’s m, =
“ 100p, 100 /p,




Example

/o =0.5
S m =——=0.1
100p, =100%0.05=>5

If ‘a’ 1s abundant then
@ relative mutability 1s

lower (for constant fraction)

o =0.5

S m :E=O.05

© 10
100p, =100*0.1=10




Relative mutability of amino acids

1978 1991
Ala 100 100 normalised to
Cys 20 44 Ala=100
Asp 106 86
Glu 102 77
Peh 41 51 H B o
Gly 49 50 N—C—C_
His 66 91 H &y OH
e 96 103 1 :
Lys o6 72 uN o
Leu 40 54 ‘
Met 94 93 .
Aen T 104 Asn=Asparagine
Pro 56 58
GIn 93 84 Trp=Tryptophan
Arg 65 83 P yPOP
Ser 120 117 Ho Mo
Thr 97 107 ‘N—c—c’
Val 74 98 H OH
Trp 18 25 /
Tyr 41 50

HN


http://en.wikipedia.org/wiki/Image:Asparagine.png

Relative mutability of amino acids

1991 Cytochrome ¢

H Ala 100

H, ! O Cys 44
M ":I‘f C. Asp 86
H CH, OH GIu 77
Peh 51

SH Gly 50

His 91

Lle 103

The immutability of cysteine is understandable.

Cysteine is known to have several unique, indispensible
functions. It is the attachment site of heme groups in
cytochrome and of FeS clusters in ferredoxin. It forms
cross-links in other proteins such as chymotrypsin or
ribonuclease.

It seldom occurs without having an important function.

Trp 18 25
Tyr 41 o0

The heme of the cytochrome ¢


http://en.wikipedia.org/wiki/Image:Cysteine.png

accepted point
mutations | . mutation
probability
relative / matrix (M)
mutability

Mutation probability matrix (M):
probability that amino acid A4 1s replace with B

after a given evolutionary interval.

PAM
matrix




Mutation probability matrix (M) 1

 Now we can calculate the probability that amino acid 'a’ is replaced
by 'b'

» This is conditional probability that a will change to b given that a
changed, times the probability of a changing:

Mab = P(a — b)
=P(a—>b|a,t=1).P(a changed)
=P(a—>b|a,t=1)m,

number of amino acids ‘a’ f
ab

ma

which are mutated in b =
_ /.

number of amino acids ‘a’ /

which are mutated




Mutation probability matrix 2

« We want to set t=1 when the expected number of mutations is
1% (0.01)

> > p.M, = weighted average

- ol

b#a

Ja _ L _
Zpa(z j let o= =0.01

b#a IOOfpa

—ZPQLGZ fa’bj note > f,, =

a b#a Z9a b#a

=0  Thus 6=0.01 represents overall change of 1%



Mutation probability matrix 3

* Next, determine the probabilities of no mutation M(aa)

Y (M, )+M, =1

b+a

z O'];?bma +M =1 (notethathabzfa)
b+a a hra

M _=1-om,

a




Mutation probability matrix 4

M has the following properties:

Z M, =1 M represent real probabilities
b

Z p,M_ =0.99 Probability of change=0.01
a 1 of every 100 amino acids

The amount of evolution that will change 1 1n 100 amino acids
on average 1s referred to as 1 PAM evolutionary distance



Mutation probability matrix 5 (assymetric)

ORIGINAL AMINO ACID

REPLACEMENT AMING ACID

Expected value
upper triangle =0.05

Hl r] vl k] wbor] el s T oW vl v
His| [le| Leu] Lys| Met| Phe| Pro| Ser| Thri Trp| Tyr| val
L A 2l 6 & 2| e 2 2 3B R o 2 11
R Arg w| 3| 1 1] 4| 1| 4| s 1t & o 1
¥ Asn a3 1 ool 1| 2 2o e 1 4 1
0 Asp 0 1 of 3 o o 1 sf z o o1
i /'
€ Cys 1l o of of o 1/5’\1/6 3 2
o 6In b Y 1 -:‘)/r 2l 2 al ol 1
£ Glu 2 i 1 4 1 0 k] 4 7 0 1 ?
G Gly S 1 R 1 A € N { S 1 5 ) - T I«
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[ & Lys 21 ¢ 1?93( 20 of 3| el 11| o 1 1
M et 0 § 81 49 1 0 1 2 ] o 4
F Phe 2] 8 E.Il 0] a9 o] 2| 1 3 =28 o
8 Pro s| 1 2| 2 1l 1% 2] 4 o oy o2
5 Ser 2| 2 4| 3 1?% B s 2| z
T T o nf o2 s s 1 s -32%& of 2| s
W Trp o of of 0 IJ;I oo 1|1 o 1) 0
¥ Tyr 4 1 1 0 I:III.I Fal o 1 1 z|4 1
v val 3| sof | 1 v 3 2| wl o ::N

Expected value

lower triangle =0.05

Expected value
over diagonal=0.99



PAM
matrix




The PAM score matrix

To score alignment (or segment): multiply probabilities:

s= 12

Py

The scores are logarithms:
we can sum the individual scores for each pair of residues

Mab

s=]] = log(s) = log(H Mo j = log(s) = log(M“b j + log(M“b j F e,

Py Py Py

Py



The PAM score matrix

Scores for specific alignment position is calculated as follows:

Q=10 to reduce discrepancy
between correct value and integer
approximation



The PAM score matrix

Mab
Py

Sab — Qlogm

This can be rewritten as:

Jab
@apb

s, =Qlog = log

qab

papb

score reflects

bias in observing

a=>b w.r.t. background
frequencies

q. are the target frequencies associated with the scores



PAM matrix (symmetric)

(multiplied by 10)

Table 1 - The log odds matrix for 250 PaMs
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PAM matrix

SRR W

'EH'R/H7

Positive scores for similar amino acids

Sulfhydryl

acid amide and
hydrophilic

basic

small
~J % | hydrophobic

Aromatic



PAM
matrix

Higher order PAM matrices




PAM and evolution

PAM-1

years

t=5

t=n

DNA sequence
1%
50/ change 1n sequence

80%'

(mutations)



PAM Matrix

 The PAM-1 matrix was derived on groups of sequences with less then
15% differences

* We have scaled M, such that the expected amount of change reflected
by this matrix 1s 1% (1 mutation per 100 amino acids)

*  We could have chosen 6>0.01, e.g. =0.05 to obtain a PAM-5 matrix
that reflects 5 mutations per 100 amino acids

* However, to derive valid PAM matrices in this way, the set of
sequences must reflect the required amount of change.

« Simply choosing a higher o would neglect 'overlapping' mutations.



Increasing amount of expected change

time

—— =1 (6=0.01) — M, (ab)

—— =2 (6=0.02) — M,(ab)

—— =3 (6=0.03) — M,(ab)

—— t=4(0=0.04) — M,(ab)

—— =5 (6=0.05) —{ M,(ab)

This procedure makes off-diagonal
Y probabilities larger with increasing sigma.
This neglects back-substitutions = off-diagonal P are too large




Higher order PAM matrices

What is the probability that a-->b in two PAM units of
evolution (6=0.02).

Possible routes:

- A->C->B

- A->A->B

- A->B->B

Probability = p(ac)p(cb)+p(aa)p(ab)+p(ab)p(bb)
This is exactly M_,?

Thus PAM-N is directly obtained from M_ N



Increasing amount of expected change

time

=1 (6=0.01) —{ M, (ab)

o=0.
=2 | M,(ab)
t=3
¢=0.05
t=4
t=5 M;(ab)




Increasing amount of expected change

time

t=1 (6=0.01) | M, (ab)

=2 M2<ab>iM1*M1
t=3 M3(ab);M2*M1
=4 [MyabM,*M,
=5 Ms(ab);MﬁMl

This procedure makes off-diagonal
probabilities larger with increasing multiplication.
Does not neglect back-substitutions



Higher order PAM matrices: % Difference

%Difference PAM

1
5
10
15
20
25
30
35
40
45
50
95
60
65
70
75
80
85

1
5
11
17
23
30
38
47
56
67
80
94
112
133
159
195
246
328

% Difference

100




Higher order PAM matrices: % Difference

Consider alignment with few 1dentities:

wn
AN AN A

.......... AS P A K H R T

PAM-10 -10 7 -7 -4 -6 -11 -10 -19 7 (-50)
PAM-500 -21 1 1 O O -2 -64 (-3)
Some transitions are more Some transitions are less

likely at larger distances likely at larger distances

Choice of scoring matrix critical for detecting similarity



PAM and evolution

t=5

t=n

high score
alignment

DNA sequence

1%

5%

80%

apply

l PAM-1

PAM-246



BLOSUM matrices

 PAM-k matrices are derived from PAM-1 matrix by extrapolation

« Better approach: get measure of differences between two proteins that
are distantly related.

« Based on the BLOCKS database: direct observation of sequences; no
evolutionary model

« BLOSUM: BLOcks SUbstitution Matrix

« BLOSUMG62 matrix is calculated from protein blocks in which two
sequences are more than 62% 1dentical.

BLOSUM 80 BLOSUM 62 BLOSUM 45
FAM 1 FAM 120 PAM 250

Less divergent =< > More divergent




Score assignments



Score assignments

To 1dentify interesting patterns in individual or sets of
sequences we must assign scoring values to residues.

Scoring assignments for single nucleotide or amino-acid
sequences can be provided by:

* Biochemical properties (charge, hydrophobicity)
* Physical properties (molecular weight, shape)

« Associations with secondary structure (alpha helices, beta-
strands, turns, open coils)

For sequence alignments scores reflect nucleotide or amino
acid similarity.




Natural Scoring Assignments

Scores based on charge

o Lysine, arginine S=+1

o Aspartate, Glutamate S=-1

o Histidine S$=0.04 (pH=7.2 in blood serum)
S=0.44 (pH=6.1 in muscle cells)

o other S=0

Scores associated with a run of a particular letter type
o0 Score of letter A is +1, score of other letters = -«

If we have a sequence
XXXXXXXXXXXAAAAAAAAXXKXXXXXXXXXXXX

only the run of eight A’s has a positive score.

In fact is has the highest possible score (S=8)



Natural Scoring Assignments

Scores derived from target frequencies

In a random sequence the letters are sampled with
probabilities {p,,p,,........... p.}-

Let {q,,qQ,,........... q,/} be a set of target frequencies.

This 1s used for
the PAM matrices




Example

Target frequencies (q) were derived from set of selected

example sequences

P
0,25
0,25
0,25
0,25

0o - P

Sequences to ‘test’
catgaaaaa

catgggggg s2>>sl

q
0,05
0,05
0,05
0,85

sl

p/q

0,2
0,2
0,2
3,4

log10(a/p)
-0,70
-0,70
-0,70

0,53



Restrictions on set of scores

1. At least one score 1s positive
2. The expected score £ = ) p.s; <0

If all scores would be negative then the maximum segment
would always have a length of one (increasing the segment
would result in a more negative score).

The second restriction ensures that the maximal segment is
not the complete sequence (increasing the sequence would
on average increase the score).



Determination of statistical significance
of a score

In the remaining we assume that we have selected a

scoring scheme (e.g., a PAM matrix).




Intermezzo: logarithms

log(X)=A4= X =10"
log(100) =2 =100=10°

In(X)=B= X =¢"
In(2.718)=1=¢' =2.718




Base of the logarithm

log(X) < log,5(X)

In(X) < log,(X)

—




Logarithm with different bases
log,(X)=A< X =2 -
log,(4)=2<>4=27

A
logl/p(X):AQXz(lj
p




Conversion of logarithms with different base

log (X) = log,,(X) _ In(.X)
log,,(a) In(a)
(X) = log,,(X) _ In(.X)
log,;,(2) In(2)

_logo(X) _In(X) _
o) T @ e )

log,




Conversion of logarithms with different base

1Ogl/p

(X) =

" log(1)—log(p)

log,,(X)

log,,(1/ p)
log(X)

log(X)

log(p)

Note: log(1)=0




Intermezzo: Poisson distribution

P(n) probability of getting n counts (=0, 1, 2,...)
1L average of distribution

4 . .
n.if "
variance == mean

0.2F

0.1p

0.0¢



http://en.wikipedia.org/wiki/Image:Poisson_distribution_PMF.png

Intermezzo: Poisson distribution

Randomly placed dots over 50 scale divisions.

On average u=1 dot per interval 0.4 1
lVl:

{average events
per interval)

0.3

0.2

P ()=

P(a)

P(n) probability of getting n counts
0.0

average of distribution e e
Il (events/interval)



Poisson distribution: Example 1

e
Pn ( U ) = lfl P (1) probability qf getting n counts
n. i average of distribution

Average number of phone calls in 1 hour = 2.1
What is probability of getting 4 calls?

Answer

—2.1 4
P_(u=21)=" 42"1 ~0.0992




Poisson distribution: Example 2

e
Pn ( U ) = fl P_(n) probability qf g.ettin.g a discrete value n
n. i average of distribution

Average number of phone calls in 1 hour = 2.1
What 1s probability of getting 0 calls?

Answer

P_(1u=0)= ¢ .02{1 =e ' =0.122 .
P_(u=0)= 0!

—X

=€




Calculating statistical significance of scores

P(S >x)
Counting high Consider distribution
scoring segments of scores (EVD)

X

P(S>x)=1—¢Fm’




Calculating statistical significance of scores

P(S >x)

O

Consider distribution
of scores (EVD)

P(S2x)=1-¢ """

X




Random model

‘random’ model

=>»random nucleotide or protein sequences

=>»provides a benchmark for analyzing various
data statistics.



A random sequence: the coin model

e Create random DNA sequences by flipping a
coin
— Head (H) - region of interest
— Tail (T)

For example: TTTHHHHHHHTTTTTT

Corresponds to an sequence with e.g.
transmembrane region

Question: what is the probability of finding a stretch of n heads?




The coin

The coin has
*probability p of scoring a head (H)
*probability g=1-p of scoring a tail (T).

If p=0.5 (normal coin).



Length of run of L heads

Pr(L) = p*

E(L) = n*ph

Probability of getting run of L heads
Expected number of runs of length L
n = number of trials

Suppose p=0.5. What is the change of getting 5 heads?

Answer Pr(L=5)=(0.5)"=0.03125

Suppose we toss 14 times. How many times do we observe

run of 5 heads?

14-4=10 (=n) places to start
5 heads

Answer: E(L=5n=10)=10 *0.03125=0.3125




Longest run of heads

Suppose we toss n times.
What 1s the longest run we will observe?

Answer: the longest run has the smallest probability to occur and
1s expected to occur only once in z trials

Denote longest run by R; =»E(R,)=1

E(L)=n*p" = E(R,)=n*p™ =



Example: Longest run of heads

Longest run of heads R = "Plog(n).

If p=0.5 (normal coin).

For n=100 trials =» R=6.65



A random alignment: the coin model

« Create two aligned random DNA sequences by
flipping a coin
— Head (H) = match in alignment
— Tail (T) = mismatch in alignment

For example: TTTHHHHHHHTTTTT

Corresponds to an alignment with 7 arbitrary matches:

CATGGATGACCGTGCC
ATAGGATGACAAAAAAA



Longest random alignment

In alignment, sequences are shifted back and forth to find regions
that can be aligned.

H I K T Q@ 5N A | L

H|®
Alignment can E
start at nxm places H e
A |
| & &
Q ®

Comparison of two protein sequences, with identities indicated as black circles. Assuming the residues were drawn from a population of
20, each with the same probability, the probability of an identical match is p = 0.05. In this example, there are m = 10 x n = 80 boxes, so
E() = mnp = 80x0.05 = 4 matches are expected by chance. The probability of two successive matches is p?> = 1/(20)? so a run of two
matches is expected about nmp? = 80*1/(20)? = 0.2 times by chance.

Thus R = "Plog(nm).



Longest random alignment

In alignment, sequences are shifted back and forth to find regions
that can be aligned.

CATGGATGACCGTAAA
AGGATAGGATGACAAAAAA

CATGGATGACCGTAAA
ATAGGATGACAAAAAA

CGGAATGGATGACCGTAAA
ATAGAGATGACAAAGGA

Therefore, R = "Plog(nm).



Longest random alignment

Therefore, R = "Plog(nm).

Example:

4 nucleotides (C,A,T,G)

p=0.25 (every nucleotide has occurs 25%)

Chance of aligning identical nucleotides = 0.25*0.25
However, 4 nucleotides, chance for match = 4%0.25*0.25

p=0.25
n=m=100
- R=6.65



Mean E(M) of longest run (M)

100 alignments (p=0.25, n,m):

Number of heads:
Expl: HHTTHH........ HT M=7
ExXp2. THHHHT ....... TT M=5
|
|
Exp100: TTHHHHH....HH M=8

Average = E(M) =6.5

The mean of longest runs that are expected to occur only
once in every experiment




Mean of the longest run

More formal formula for mean of longest match M:

|
EM)= logl/p(mn)+log1/p(1—p)+y10g(e)_5

where gamma y=0.577 (Euler's constant).

This equation can be simplified to

E(M) = log,, ,(Kmn)

K Is constant that depends p but not n and m.
(K accounts for the fact that there are not really nxm
iIndependent places to start alignment)



Mean of longest run

12W
8
6,
4 E(M)=1lo Kmn p=0.25
(M) = log,,, (Kmn) P02
23
O I I T T T l
0 1000 2000 3000 4000 5000 6000
n=m

The mean of the highest possible alignment score is proportional
to log of product of sequence lengths



Mean of longest run and A

E(M) = log,, ,(Kmn)

This equation can be rewritten by using A=In(1/p).

In(Kmn)
A

E(M) =

Instead of p, the scaling parameter 4 1s more commonly used in
with scoring matrices.

K is of less influence (importance) than A



Mean expected score E(S)

In(Kmn)

E(M) ===

For alignments scores are preferred compared to maximum
matching lengths.

IF E(M) i1s known (region of longest match)
AND scoring system for matches/mismatches is given (e.g. PAM)
THEN mean expected score for a random sequence 1s

Note that for
E( S) — ln(Kmn) each scoring matrix
/1 the average score per
match can be calculated




Mean expected score

In(Kmn)

E(S)=——

Random sequence of coin tosses:
...... TTTHHHHHHHTTTHHHTTTHTHHHHTHHT - - - . .

Random alignment l
..... CATGGATGACCGTAAA. . .. ..

Expected score for chosen scoring matrix = E(S)



Probability P(S>=x) and expected score E(S>=Xx)

Question:
What is the probability P(S>=x)?

probability of observing
Equivalent question: score S>x a number of
Probability P(S = x)=P (E(S = x)) |times (n>=1)

Answer: —u .
Use Poisson distribution P(u = E(S = x)) =




Probability P(S>=x) and expected score E(S>=Xx)

n

P(S 2 3) = P,(u=E(S 2 ) =
n!

Probability of observing one or more segments with S>=x:

P, (u=E(S 2x)) :i

n=1 n!



Probability P(S>=x) and expected score E(S>=Xx)

Easier to calculate 1s:

P(S<x) =P _,(E(S>=x)) = Probability of observing
no segments with S>=x

P (u=ES2x)=¢"

Note that P(S>=x) = 1 — P(S<x) = P( S > x) —1—e#

How do we calculate /= FE (S > x)



Recall: longest run of heads

E(L)=n*p" = E(R)=n*p" =

R — 10gl/p (n)

R = Plog(nm).

1
E(M) = log,,, (mn) +log,;, (1= p) +ylog(e) -

run expected one

length of this run

run for alignments

Mean run

E(M)=log,, ,(Kmn) A=1In(1/ p) Simplified

EM) = ln(limn) parameter A
In(Kmn) Mean score of longest matches
E(S) = 2 that are expected to occur once




Summarize: longest run of heads

E(L)=n*p" = ER,)=n*p" =1

R — 10gl/p (n)

R = Plog(nm).

Jo1
E(M)= logl/p(nfm)+logl/p(l—p)+ylog(e,_5

run expected one

length of this run

run for alignments

Mean run

E(M)=log,, ,(Kmn) A =1In(l/ p) Simplified

EM) = ln(limn) parameter A
_ In(Kmn) Mean score of longest matches
E(S)= P that are expected to occur once




Summarize: longest run of heads

E(L)=n*p" = E(R,))=n*p

RL —_
— 1| run expected one

E(S) = In(Kmn)

E(S >=x)=Kmnp”

Score of at least x
1s expected E times




Summarize: longest run of heads

Score of at least S=x 1s
expected E times

Kmnp™ = E

In(Kmnp™) = In(E)
In(Kmn)+ xIn(p) = In(E)
In(Kmn)—xIn(1/ p) = In(E)
In(Kmn) — Ax = In(E)

E = pn(Kmn)=ix

M The expected number

E(S2x)= Kmne™™* of random alignments
with score S>=x.




Probability P(S>=x) and expected score E(S>=Xx)

Probability of getting any alignment whose score S 1s at
least x

P(S=2x)=1-¢"

u=E(S =x)=Kmne ™

|

P(S>x)=1-¢Kme”

X




Probability of observing score S>=x in random sequence

P(S>x)=1-¢Kme”

TETTT T e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
S v N S 5T o 405 ® N © @©
1 ] 1 1 1 1 1 X q— LO ©

Score

Nh
o

Extreme Value Distribution (EVD)




EVD and normal distribution

Standardized form

— 04
B.

EVD A

mean=x=0.577
variance=1.64

area -2<x<+2 = 0.87
area -3<x<+3 =0.95

The scores must be greater than expected from the
normal distribution to become statistically significant!



Calculating statistical significance of scores

P(S >x)

P (E(S2x))=1-¢"

u=E(S>x)=Kmne™

(2

Consider distribution
of scores (EVD)

P(S2x)=1-¢ """

X




Raw scores

Normalized scores

Bit scores

Expectation value

p-value




Raw scores

Normalized scores

raw

Bit scores

E(S > x) = Kmne "1

Expectation value

X

P(S>x)=1-eKm"|

p-value




Raw scores S

Expectation value E

<

E = Kmne ™

E= —ln(l—P)[ lP:I—eE

p-value




Raw scores S

2S-In(K)

Normalized scores S'

E = Kmne ™

_S'
E =mne

h 4

Expectation value E [«

E= —ln(l—P)[ lP:I—eE

p-value




Normalization of scores allows
comparison of scores

S...1=100

Sraw,2: 80

Does first score correspond to better alignment?
Answer: we can't say, unless we consider A and K

raw, |

Raw scores S_,,

2S-In(K)

Normalized scores S'

S', =100

S',= 80

Does first score correspond to better alignment?
Answer: yes.



Normalized scores S'

> x) = —Kmne ™

E(S

raw

Ax

P(S. >x)=1—e K™

raw

S'=AS,

~In(K)

E(S' >x)=mne "

P(S'>x)=1—e"™"

note x'

S' 1s independent of scoring scheme




Normalized scores S'

raw

E(S 2 .X) _ 1 . e—Kmne_ﬂ“

—mne

note x'

S' 1s independent of scoring scheme




Raw scores S

I 2S-In(K)

Normalized scores S'

SYIn(2)

|

Bit scores Sy,

_S'
E =mne

—S,.
E=mn2

h 4

—>

E = Kmne ™

Expectation value E [«

E= —ln(l—P)[ lP:I—eE

p-value




Normalized bit-scores S’

E(SI”CIW 2 x) — _Kmne_/ix P(S 2 X) — 1 - e_Kmne_/Ix
_AS,,, —In(K)
bit lIl 2
E(S,, 2x)=mn2™" P(S'>x)=1-¢"""

normalized score expressed as bits




Raw scores S,

I 2S-In(K)

Normalized scores S'

SYIn(2)

|

Bit scores S,

_S'
E =mne

—S,.
E=mn2

h 4

—>

E = Kmne ™

Expectation value E [«

E= —ln(l—P)‘ lP:I—eE

p-value




PAM and BLOSUM matrix
contain bit-scores

Bit scores S,

—S,.
E=mn2

- Expectation value E

lP:I—eE

p-value




The scaling factor A

PAM and BLOSUM scores were derived from target specific
models of evolution as

9
s; = log
PP,
p: background frequencies
q: target frequencies in alignments

For PAM and BLOSUM p and q are obtained from observations
and therefore represent real probabilities



The scaling factor A

9
PP,

qd; = pipjeSij

s; =1log

For arbitrary scoring matrices, q may not represent true
probabilities. Therefore, we have to scale the scores with A

_ As; _
qij — pipje » Sum(q)=1




The scaling factor A

AS.. lo ql]
— ij g
ql] o plp]e g (pipj)

4 A

We can also 'rescale' the PAM/BLOSUM matrices to
unit of bits =» A=In(2)

p.p, p.p;

S;i

log[ 9 } log[ £/ ] qz'j e pipje '
q..

= =log . . In(2)s;

A ln(2) 2[pipjj qzj il pipje '




PAM and BLOSUM matrix are already normalized to bit-scores

Bit scores Sy,

_S,.
E =mn2 "

- Expectation value E

lP:I—eE

p-value




Note that:

IF Spis gets larger

THEN E gets smaller

THEN et gets larger

THUS p=1- ¢F gets smaller (more significant)
We already knew this!

Bit scores Sy,

—S,.
E =mn2 "

- Expectation value E

lP:I—eE

p-value




Note also that:

IF We have a score S,

AND if the database (n*m) grows

THEN E gets larger

THEN e’f gets smaller

THUS p=1- e F gets larger (less significant)

Thus a significant hit today may not be significant tomorrow!

Bit scores S,

_S,.
E =mn2 "

- Expectation value E

lP:I—eE

p-value




Quick determination of alignment score

For typical scoring matrices and protein sequences K=0.1

P(S>=x) ~ Kmn e*

For S>>x

P~E

The probability that a random alignment reaches score S:
’log(P) = *log(Kmn e*5) = 2log(Kmn) -S

Rearrange equation and choosing K=0.1 and P=0.05

S =?log (Kmn) - *logP

S ~?log(nm)




Example

Suppose 2 protein sequences of 250 AA are aligned.

The following alignment 1s found

FWLEVEGNSMTAPTG
FWLDVQGDSMTAPAG

A significant alignment of 2 random sequences will at least
have a score of S ~ ?log(nm)= “log(250%250)=16 bits

PAM?250 score = 75 (1/3 bits) = 25 bits

25>16 > alignment is significant at P=0.05



Example continued

Score from PAM250 1s S=75
For PAM250 K=0.09 and A/=0.229

Normalized score S'=0.229*75-1n(0.09*250*250)
S'=8.57

P(S">8.57) = 1-exp[-e57] = 1.9%10

This 1s the probability of obtaining this scoring in a random
alignment of 2 sequences of length=250



Scoring matrices
from an
information theoretic perspective



Information theory

* Information theory: deals with messages that are

numerically coded for their description, storage
and communication.

* In our case: message 1s DNA or protein sequence

Definition: £ = —10g2 (P) Unit: bits

[ == Information
P == Probability



Relative entropy

* The score expressed as ‘bits’

q;i
—)
PiP;

S = > log(

e The average score (information) per residue pair
in an alignment 1s called the relative entropy

q;
H = quj Sjj quzlog p]]?]



Comparing sequences
Comparing protein of 250 AA
against

SwissProt database 40.000.000 AA

S~ ?log(nm)
we need LOG,(250*40.000.000) = 33 bits of information



Relative entropy for substitution matrices

For a PAM matrix we can calculate the
relative entropy:

q; : : :
H = Z q,5; =D 4;" log(p lj? J information per residue
l,] 1

S ~“log(nm) information required

= Minimal length of segment that can be distinguished
from chance:



Relative entropy for PAM matrices

PAM H(bits) Min. significant PAM H(bits) Min. significant
distance length (33 hits) distance length (33 hits)
0 4,17 8 180 0,6 55
10 3,43 10 190 0,55 60
20 2,95 11 200 0,51 65
30 2,57 13 210 0,48 69
40 2,26 15 220 0,45 73
50 2,00 17 230 0,42 79
60 1,79 18 240 0,39 85
70 1,60 21 250 0,36 92
80 1,44 23 260 0,34 97
90 1,30 25 270 0,32 103
100 1,18 28 280 0,3 110
110 1,08 31 290 0,28 118
120 0,98 34 300 0,27 113
130 0,9 37 310 0,25 120
140 0,82 40 320 0,24 127
150 0,76 43 330 0,22 134
160 0,7 47 340 0,21 141

170 0,65 51 350 0,2 149



Example

« For finding a significant segment alignment of a protein of
250 residues against the swissprot database we need at
least 33 bits of information

« PAM 10 3,43 bits/AA 10 residues required
« PAMI120 0,98 bits/AA 34 residues required
« PAM250 0,36 bits/AA 92 residues required

e Thus, if the divergence between proteins becomes larger
one needs a larger segment



Putting 1t all together:

BLAST



BLAST output

output>gi|6006425]|emb | CAB56829.1] hemoglobin alpha chain
Length = 142

Score =1(33.9 bits (76), Expect =|0.66
Identities = 15/15 (108%), Positives = 15/15 (100%)

Query: 1 MVLSAADKGNVKAAW 15N

MVLSAADKGNVKAAW
Sbjct: 1 MVLSAADKGNVKAAW 15 g

raw

Database: All non-redundant GenBank CDS
Number of letters in database: 436,700,696
Number of sequences in database: 1,364,053
Gapped

Lambda K H
0.2670.0410| [0.140




BLAST output

output>gi|6006425]|emb | CAB56829.1] hemoglobin alpha chain
Length = 142

Score =1(33.9 bits (76), Expect =|0.66
Identities = My/15 (108%), Positives = 15/15 (100%)

Query: 1 MVLSAADK KAAW 15
MVLSAADKGNV

W
Sbjct: 1 MVLSAADKGNVKAAWNI5 \S

raw

Database: All non-redundant GenBank S
Number of letters in database: 436,700,696 g AS—-InK
Number of sequences in database: 1,364,053 —

In2
Gapped
Lambda K H
0.267|(0.0410( [0.140




BLAST output

output>gi|6006425]|emb | CAB56829.1] hemoglobin alpha chain
Length = 142

Score =1(33.9 bits (76), Expect =|0.66
Identities = My/15 (108%), Positives = 15/15 (100%)

Query: 1 MVLSAADK KAAW 15
MVLSAADKGNV

-9
" E =mn?2
Sbjct: 1 MVLSAADKGNVKAAMWIS g

raw

Database: All non-redundant GenBank S
Number of letters in database: 436,700,696 g AS—-InK
Number of sequences in database: 1,364,053 —

In2
Gapped
Lambda K H
0.267|(0.0410( [0.140




BLAST output

output>gi|6006425]|emb | CAB56829.1] hemoglobin alpha chain
Length = 142

Score =1(33.9 bits (76), Expect =|0.66
Identities = My/15 (108%), Positives = 15/15 (100%)

Query: 1 MVLSAADK KAAW 15

_ —S"
MVLSAADKGNVRRAAW E =mn?2
Sbjct: 1 MVLSAADKGNVKAAMNIS g

raw

Database: All non-redundant GenBank S
Number of letters in database: 436,700,696 g AS—-InK
Number of sequences in database: 1,364,053 —

In2
Gapped
Lambda K H
0.267|(0.0410| [0.140

\Hzqu.zlog[ L j

PP,



BLAST output

output>gi|6006425]|emb | CAB56829.1] hemoglobin alpha chain
Length = 142

Score =|33.9_bits (7

Identities =

6), Expect =|0.66
‘iﬁ(if(l %), Positives = 15/15 (100%)

Query: 1 MVLSAADK
MVLSAADKGNV

KAAW 15

-9
" E =mn?2
Sbjct: 1 MVLSAADKGNVKAAMWIS g

raw

Database: All non-redundant GenBank S

Number of letters in database: 436,700,696 g AS—-InK
Number of sequences in database: 1,364,053 —
G In2

a

ambda K\ H

0.267(0.0410()[0.140

\Hzqu.zlog[ L j

PP,



BLAST output

output>gi|6006425]|emb | CAB56829.1] hemoglobin alpha chain
Length = 142

Score =|33.9_bits (7

Identities =

6), Expect =|0.66
‘}5<if(1 %), Positives = 15/15 (100%)

Query: 1 MVLSAADK
MVLSAADKGNV

KAAW 15

-9
i E =mn2
Sbjct: 1 MVLSAADKGNVKAAMI1S g

raw

Database: All non-redundant GenBank S

Number of letters in database: 436,700,696 g AS—-InK
Number of sequences in database: 1,364,053 —
G In2

a

ambda K\ H

0.267(|0.0410()|0.140

\H:Zqijzlog[ L j
 Whereisthe pvalue???

PP,



Example

» If one expects to find three segments with S>=x,
then P(S>=x)= 1-¢3=0.95

 The BLAST programs report E-values rather than P-values
because it 1s easier to understand the difference between
for example

— E value of 5 and 10 than
— P-values 0f 0.993 and 0.99995

e If E<0.01 then P-values and E-values are nearly 1dentical.






Calculating statistical significance of scores

O

Counting high
scoring segments

P(S >x)

P (E(S2x)=1-¢"

u=E(S>x)=Kmne™

P(S>x)=1-¢Fm"

X




Alighment scores and Extreme Value Distribution

Sequence alignments may result in both good and bad
alignments (high and low scores).

Most biologically interesting alignments are those that give
the highest score.

These 'highest scores' follow an Extreme Value Distribution
(EVD)



Alignment "experiment"

Experiment:
— Generate set of random alignments
— Keep highest score S
— Repeat this procedure N times

Goal of this experiment:

determine probability that the score of a random
alignment reaches the score of an alignment of two
real sequences.

If this probability is very low than real alignment 1s
significant



Maximum scores

Experiment 1: 100 alignments (p=0.25, n,m):

Toss1:HHTTHH....... HT S=7
TosSS2. THHHHT ....... TT S=12
|
|
Toss100: TTHHHHH....HH S=8

Maximum = 12

The maximum scores follow extreme value distribution




EVD for random alignments

Small probability:
significant alignments
Distribution density function f(x) /

0,2




The Extreme Value Distribution

Probability density function

o=mode

1 —
f (X') =—e 7’ eXp[—e s | | B=scale parameter

p

Standardized form

Jf(x)=e " exp[-e "]

Cummulative distribution function

x'-a

P(S<x)=exp[-e * ] or P(S<x)=exp[—e "]




K=0.337, Lambda=0.5

EVD

Cummulative distribution

1,2
1 function
0,8
X 06
18
0,4
0,2
0 integrate
o [o0] O < N < [e0] O < [e0] N N < © o0} 00} N
T w N 69 g g o ©w & 6 o o
Score
| |
K=0.337, Lambda=0.5
0,2
differentiate 0.15
Z o1
0,05
. . . 0
Probability function
(area=1)




std.dev =

,8272_2
6

Average = o +y

/




EVD and normal distribution

Standardized form

— 04
B.

EVD A

mean=x=0.577
variance=1.64

area -2<x<+2 = 0.87
area -3<x<+3 =0.95

The scores must be greater than expected from the
normal distribution to become statistically significant!



P(S>=x) from the EVD

x'—-a

Cummulative
P (S < x) — eXp[_e g | distribution

P(S =2x)=1-exp[—e """ )]

A=1/p E(S) = mean score of longest
o = E(S) = In(Kmn) matches that are expected to
A occur once

X

P(S>x)=1-¢Kme”

(A and a can easily be calculated from mean and std)




Calculating statistical significance of scores

O

Counting high
scoring segments

P(S >x)

P (E(S2x))=1-¢"

u=FE(S>x)=Kmne™

(2

Consider distribution
of scores (EVD)

P(S>x)=1-¢Fm"

X
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